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In this paper we consider the following elliptic problem 

-Au + Xu = u p in O 
(P\, P ) { u>0 in Q 



u = on dVt 

X. 

where Vt is a bounded domain in R 2 , A > and p is a large positive parameter. 
We will focus on the solutions to (P\, p ) obtained by the following variational method. 
We define on J ff 1 (fi)\{0} the C 2 -functional 

J\(u) 



In 


Vu 


2 + AL« 2 


(In 


u 


p+l)2/(p+l) 



and we consider the following minimizing problem 



c\. p := inf JaOO- (1-1) 
weff£(n)\{o} 
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A standard variational argument shows that c\ p can be achieved by a positive function. 
Then after a multiplicative constant we find a positive function u\, p which solves (P\ tP ) 
and satisfies 



In I Vm a, p | 


2 + ^L u Ip 


(In 




p+l)2/(p+l) 



(1.2) 



In the remainder of this paper we denote by u\ tP a least energy solution of (P\, p ) ob- 
tained in this way. 

The aim of this paper is to study qualitative properties of the solution u\ tP for A > 
and p large. An essential tool in the proof of these results is to have information on the 
asymptotic behavior of u\, p as p becomes large. The asymptotic behavior of the solutions 
of P\ :P was initially studied by Ren and Wei when A = 0. More precisely, in [16] and [17] 
the authors proved the following result: 

Theorem 1.1 ([16], [17]) Let Q be a smooth bounded domain and A = in (P\ tP )- Let 
us denote by u 0:P a least energy solution of J (u). Then, for any sequence u Pn of u 0;P with 
Pn — > +oo, there exists a subsequence of u Pn , still denoted by u Pn , such that 

i. u P Z(Ifi u p ")~ 1 8x i n the sense of distribution, where 8 XQ is the Dirac function at 
point xo- 

ii. Wp"(Jq «p™) _1 —> G(x,x Q ) in W 1,q (tt) weakly for any 1 < q < 2, where G is the 
Green's function of —A with Dirichlet boundary condition. Furthermore, for any compact 
set K C f2\{xo}, we have v Pn — > G(.,x ) in C 2,a (K). 

Hi. xo is a critical point of the Robin function R defined by R(x) = g(x,x), where 

g(x, y) = G(x, y) + ^Log\x - y\ 

is the regular part of the Green's function. 

Moreover in [16] it was also showed that 

< Ci < |K P || L ~ (n) < C 2 (1.3) 

for some constants C±, C 2 and for p large enough. From these results we can see that 
when p gets large, the least energy solution u 0tP looks like a single spike. 

One of the results of this paper is to obtain asymptotic estimates for the least energy 
solution u\ tP , but of different type of to the corresponding one due to Ren and Wei. To 
describe our results we need to introduce the following problem 



f -Au = e u in M 2 
I / R 2 < +oo 



(1.4) 
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In [5] it was proved that any solution of (1.4) is given by 

with /iGR and y G M 2 . 

Now we can claim the following 

Theorem 1.2 Let Q be a smooth bounded domain of M, 2 , A > and let u\ tP be a least 
energy solution of (P\ tP ). Then, we have 
*• H^pllSr 1 -> +oo as p-^ +oo. 

ii. If ifi\ jP is the function defined for x G fi^p : = I l M A,p| |oo _1 ^ 2 (^ — rr AiP ) 

^a, p (x) = (p - l)Log( ^ X ' p (x x>p + X (p z Tj7i)) 



oo 



where x\ tP E Q is such that ||«a, p ||oo = u\, P (x\, P ), then, for any sequence <f\, Pn ofip\ tP with 
p n — > oo ; there exists a subsequence ofip\ tPn , still denoted by <fi\, Pn , such that <px tPn — > U^o 
in C? oc (M. 2 ), where p 2 = 1/8 and U^o is given by (1.5). 

Since ||wa,pI|oo — > oo and x Ap — > rr G f2 (see Corollary 2.5 below), we have that 
ilx, P — > as p — > oo. From this, we say that (1.4) is the "limit problem " of (P\, p ) as 
p — > oo. 

A similar phenomenon (existence of a "limit problem ") occurs in several situations 
in higher dimensions. A typical example is the following problem 

n + 2 

-A-u + Xu = n(n - 2)u~~ £ in Q 

u>0 in (1.6) 

u — on fl 

where £ is a small positive parameter and n > 3. Here it is well known that the limit 
problem associated to (1.6) is 



n + 2 



—Au = n(n — 2)u n -' 2 in 
u > in 

which admits the two parameters family of solutions 

(n-2)/2 



;i.7) 



(1 + fi 2 \x-y\ 2 Y n - 2 )/ 2 ' 

Theorem 1.2 emphasizes some similarities between the problem (P\ iP ) when p is large and 
some corresponding problems in higher dimensions. 

We remark that Theorem 1.2 is the starting point to obtain similar results as in 
singularity perturbed problems involving the critical Sobolev exponent, namely uniqueness 
or qualitative properties of solutions. Proof of Theorem 1.2 is given in Section 2. 

In Section 3 we give a first application of Theorem 1.2; we study the shape of the level 
sets of solutions u\ tP when p is large enough. Namely we have the following result. 
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Theorem 1.3 Let u x>p be a least energy solution to P\ tP satisfying (1.1). Let Q be convex. 
Then there exists p > 1 such that for any p > p , we have 

(x — x p )Vux,p(x) < 0, Vrr G f2\{:rp} 

where x p E Q such that u\ tP (x p ) = ||ua,pI|oo- 

In particular, x p is the only critical point and the superlevels are strictly star shaped with 
respect to x p for p large enough. 

If Q is also symmetric, the claim of Theorem 1.3 follows by the well known Gidas-Ni- 
Nirenberg Theorem. Notice that Theorem 1.3 was proved by Lin ([13]) if A = and p > 1 
with different techniques. 

In Section 4 we give another application of Theorem 1.2, proving some uniqueness and 
nondegeneracy result to P\ jP for domains which satisfy the assumption of the Gidas-Ni- 
Nirenberg Theorem. 

Theorem 1.4 Let Q be a smooth bounded domain ofM, 2 which is symmetric with respect 
to the plane x\ — and X2 = and convex with respect to the direction x\ and x-i- Let 
U\ )P be a least energy solution of P\ iP . Then there exist p > 1 such that for any p > Po 
we have that u\ tP is nondegenerate, i.e. the problem 

f -Au + Xv = pu p ~ p \ in D, , . 

\ v = on 8Q { 1 

admits only the trivial solution v = 0. 

Similar ideas used in the proof of Theorem 1.4 could help to obtain uniqueness result 
for the least energy solution to (P\, p ). It will be done in a forthcoming paper. 



2 Proof of Theorem 1.2 

In this section we give the proof of Theorem 1.2. Here we suppose that A > is fixed. 
We begin by proving some auxiliary lemmas. 

Lemma 2.1 There exists c > such that \ \ux tP \\oo > c, where U\ jP is a solution of (P\ tP ) 
and c is independent of p. 

Proof. Let Ai be the first eigenvalue of —A and e\ be a corresponding positive eigen- 
function. Then if u\ )P is a solution of (P\, p ), we have 

= / (u XjP Ae 1 - eiAu\ tP ) = -Ai / u AjP ei + / e x (vF x - \u XtP ). 
Jn Jn Jn 

Thus 

/ e i u x, P = (A + AO / e lUXtP . 
Jn Jn 
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Hence 

(A + Ai) / e x u x , p < H^pll^ 1 / e x u x #. 
Jn Jn 

Then 



I \u\,p\ |oo > (A + Ai) p- 1 > min{Ai, 1}. 
Therefore our lemma follows. □ 

Lemma 2.2 For p large enough, there exists c such that 

c\, p < cp~ 1/2 

where c\ tP is defined in (1.1). 

Proof. We follow the proof of Lemma 2.2 in [16]. Without loss of generality we can 
assume G 11. Let R > be such that B(0,R) C f2. For < d < R, we introduce the 
following Moser function 



{(Log{R/d)f/ 2 if < \x\ < d 

Log{R/\x\){Log{R/ d))- 1 / 2 if d < \x\ < R 
if|*|>i? 

Then m d G H^(Q) and ||Vm d || L 2 (n) = I. 
Observe that 

Jn 

where +i 

h = (^=(Log(R/d)y/ 2 J nd 2 

and +i 

h=(^={Log{R/d))- l / 2 Y ( {Log{R/\A)) P+1 dx 

VV^TT / Jd<\x\<R 



Thus 



\^d\LP+ 1 (n) > I I 



Choosing d = Re (P+ 1 )/ 4 , we find 

\m d \ 2 LP+1 >(p+l)(8ne)-\nR 2 ) 2 /^ 



Hence 





2 + Xjm 2 




m 6 


12 

!Ilp+i 



<(l + - -^ |Vmd|2 < C (R) ( v + i)-i R -*/(p+D 
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Then 

c A , p <c(#)(p + l)-V 2 i? 2 /(P+i) 
Therefore our lemma follows. □ 

In addition, since our solution u x>p satisfies (1.2) and 

/ |V MA , P | 2 + A / ul p = I < 
Jn Jn Jn 

we easily derive the following result 

Corollary 2.3 For p large enough, there exists c > such that 

V [ <; < c and p{ [ \Vu x>p \ 2 + f «^) < c ( 2 .1) 
Jn Jn Jn 

Now, we recall the following lemma (see [7], [9]) 
Lemma 2.4 ([7] [9]) Let u be a solution of 

-Au = F{u) in D, C M 2 
u = on dQ 

where Q is a bounded smooth domain and F is a C 1 -function. Then, there exists a 
neighborhood uj of dfl and C > 0, both depending only on Q, such that 

\\u\\l°°(u) < C\\u\\ L i(p) 

Corollary 2.5 Let us denote by x XtP the point where u\, p achieves its maximum, that is 
IK.pl loo = u x , P (x XjP ). Then x x , p -> x x E Q. 

Proof. From Lemma 2.1, we have |K,p||oo > c > and from Corollary 2.3, we derive 
that 

/ u x>p -> 0. 
Jn 

Using Lemma 2.4 we deduce that the point x XtP is far away from the boundary. Thus the 
claim follows. □ 



Lemma 2.6 There exist a sequence p n — > oo such that 

lim IKpJIST 1 -> +oo. 
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Proof. We argue by contradiction. Let us suppose that there exists c > such that for 
any p > 1 and A > we have 



uxAW < c (2.2) 



Let us consider the following function 



1 X 

U ^ X ) = ii I, u XtP (x x , P + , 1)/2 ) for X e tt x , P (2.3) 

|PA,p| |oo ||«A,p||6o 



where Q X , P = \ \u\, P \\^ 1)/2 (fi - x XjP ) and x A , p G Q such that wa,p(^a,p) = \\u x . 
It is easy to see that u XtP satisfies 



p| |oo- 



-Au x , p = u\ p - ^—^u x , p in Q x , p 
ma, p (0) = 1, < u x>p < 1 in fi AiP (2.4) 
■ua,p = on dQ XtP 

Thus by the standard regularity theory we deduce that there exists a sequence p n — > oo 
such that u Xpn — > -u A in (^(IR 2 ). Moreover by (2.2), up to a subsequence of p„, fiA,p„ - ► 
:= 7a(^ — X\) as n — > +oo with 7 A = lim | |w A p„| IS? -1 - Let us point out that, by 

< ma,p < 1, we derive that fz-J" — ip x > weakly in L q (D) for any g > 1. Finally «a 
satisfies 

— Ama = ip x — \u x in L> 
u x (0) = 1, < M A < 1 in D 
■ua = on dD 



7A ' 



where A = lim A| \u XtPn \ |^ Pn = 
Thus 

|Vm a | 2 + A / u\ = / 1p X U x 
'D Jd Jd 

Observe that, by Lebesgue's Theorem and the definition of u x , we have 



/ ip x u x = lim / u p x n u x , Pn = lim / \\u x 
From Corollary 2.3 and Lemma 2.1, we derive 

*P\U X = 



| I -2 Pn+1 
Pnlloo "A.pn 



L 



ID 

Hence 



/ \Wu x \ 2 + \ [ u 2 x = 
Jd Jd 

Therefore u x = which gives a contradiction with u x (0) = 1 and our lemma follows. □ 
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Lemma 2.7 For any x G B(x XjP , - — 1} i 2 ) we have, forp large enough, 

u\, p (x) > 7r > 

where R is an arbitrary positive number and 7^ is a constant only depending on 
Proof. For X E Q\, p , we set 

W XiP (X) = u Kp {x p + —==~ (p _ 1)/2 )- 

yP l|pA,p||oo 

Thus W\ p satisfies 

-AW X , P (X) = c x , p (X)W x , p (X) 

where 

/ _ M A,P / ^£ \ ^ 

(p - l;||«Aj»||oo "VP ~ 1| K,pl 1 00 (p-l)||w A ,p| 

Observe that, from Lemma 2.6, we deduce 

|ca, p (X)| < C for p large enough. 
From the standard Harnack inequality [11], we get 

IK.pl loo = sup W XjP (X) < c R inf W X:P (X) for p large enough. 

B(0,R) B (°> R ) 



IP-1 

00 



Thus 



inf W A , P > 



\U\,p\ 



00 



B(0,R) " Cr 

From Lemma 2.1, we deduce 

inf W X:P > 7^ 

B(0,J?) 

and therefore our lemma follows. 



Lemma 2.8 Let us consider the function 

! I V Ma , p (x AiP + x )/2 ) | 2 

I |«Aj,| loo U X p {X XiP + ^_ iiu ^_ 1)/2 ) 

Then, for any R > 0, we have, forp large enough 

\\F\,p\\l°°(b(o,r)) < C R 
where Cr is a constant only depending on R. 
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Proof. According to Lemma 2.7, it is enough to prove 



1 



I 

| M A,p| | oo 



Vm AiP I x p + M (p-i)/2 

V y/p - l\\Ux,p\\So 



2 



< C 



For X G B(0,2R), let 

It is sufficient to prove 

\f\,p\L°°(B(o,R)) < c, for i = 1, 2 and c is independent of p. 
We point out that 

-a/i p = c AiP (x)/i ;P 

with 

A,Aj p-iikji^^^v^tiKpIi^ 7 ^ (p-i)ii^iroo- 1 

From Lemma 2.6 we have 

|ca, p (X)| < C for p large enough. 
Hence, by the standard weak Harnack inequalities (Theorem 8.17 of [11]), we have 

\\f\,p\\L°°(B(0,R)) < c\\fx tP \\L\B{0,R))- 

Observe that 

= 0.-1)/ l^w 

s(:EA ""vp=Tii^ P iir i,/2) 

<(p-l) / |V« A , P | 2 . 



Pi I oo 

2 

dx 



From Corollary 2.3, we derive 

II/a, p IIl 2 (B(0,2R)) < C. 

Therefore our lemma follows □ 
Next we will prove Theorem 1.2. 
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Proof of Theorem 1.2 According to Lemma 2.6, it only remains to prove part ii. of 
the Theorem. To do this we introduce the following function 

v x , p (X) = <p XtP (X)-Z x>p (X), forXeQ x , p (2.6) 

where Z\ tP satisfies 

~ AZ ^ + ll^ = F ^ in B ^ R ) (27 ) 
Z X<P = on dB(0,R) 

where fx, P is defined in Theorem 1.2 and F\ p is defined by (2.5). By the maximum 
principle we have that Z\ tP > From Lemmas 2.6 and 2.8 and the standard regularity 
theory, we derive that for any R > 



h^Wc^Bio^)) < Cr (2i 



where Cr only depends on R. 
Thus setting 



V XtP (X) = e z ^W (2.9) 

we have that, for any q > 1, 

VR > 0, 3C R > such that \\Vx, p \\l^b(o,r)) < C R . 

By direct computation it is not difficult to see that v \. p satisfies 

/ - Av x , p = V XtP (x)e v ^ in 5(0, R) 
\ v x , p <0 in B(0, R) 

We claim that 

a. V x , p > in B(0,R) 

b. \\Vx, p \\li(b(o,r)) <C r \/q > 1 
c - /*(„,*) ^ < C R V <? > 1 

Note that a. and b. follow by the definition of V\, p (x). Concerning c. we have that 

X 



|(p-1)/2 
oo 



Jb(o,r) Jb(o,r) Jb(o,r) l IFa, p Ik (p - l) 1 / 2 ] |u AjP 

" /o K + i m/2|f Mfe-i)/* ) = (p " 1} / < ~ C (2 ' n 



Thus, we are in the setting of Theorem 3 of Brezis-Merle [3] and we then have the 
following alternative : 
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either 

(i) v x ,p is bounded in L°°(B(0,R)) 
or 

(ii) V\, p — > — oo uniformly in 5(0, R) 
or 

(iii) v a, p — * — oo uniformly in 5(0, R)\S, where S is the blow-up set of v\ tP , i.e. 

5 = {x G B(0,R) such that there exists a sequence ?/a,p £ 5(0,5) with y^.p - ► £ an d 

V\,p{y\,p) -> +00}. 

Since i^ jP < 0, we derive 5 = and so (iii) does not occur. Let us also prove that (ii) 
cannot happen. From (2.8) it is sufficient to prove 

min p\,p(X) > -C R 

B(Q,R) 

Let us introduce the following function 

ll"A,p||oo x VP ~~ J-l l M A,p| | oo 

It is easy to see that tpx,p satisfies 

A/ /2 A p-2 |V^A, P | 2 

-A^ A ,p = iJ x - — j^A.p - — — — 

||«A,p||oo P~ L W\,p 

Hence 

-A^a, p (X) < a A ,p(X)^ A , P (X) 
with a A , p (X) = Va )P P0 " n Vi e (-1, 1]. 

By standard weak Harnack inequality (see Theorem 8.17 of [11]), we derive 



Thus 



1 = sup Va,p(X) < C R ( [ Va, p 
B(0,f) \Jb(o,r) 

J B{0,R) 



1/2 



Hence 

I L'AO. 1.1) 

So (ii) also cannot occur. 

Therefore v\ :P is bounded in L 00 (5(0, 5)). Then ip\ :P is also bounded in L 00 (5(0, 5)) 
since 

-Cr < (f X ,p = v x , P + Z\ )V < in 5(0, 5) 
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Using the standard regularity theory, since ||-^a,pIU°°(b(o,r)) < C and v XjP is bounded we 
derive from (2.7) and (2.10) that Z x , p and v XiP are both bounded in C 1 (B(0, R)). Thus 

We note that (p x , p satisfies 

~^x,p = - ,, A MP -i + ^IV^pI 2 + e^* (2.13) 



Again by the standard regularity theory we get | \(px, P \ \c 2 (m 2 ) < C- Then, for any sequence 
p n — > oo there exists a subsequence (denoted again by p n ) such that (p XtPn — > y? in C/ oc (IR 2 ). 
Let us show that e ipx ^ — > e 1 ^ in L; 1 0C (M 2 ). Since v?A, Pn — 1 V 9 i n -^zoc(^ 2 ) we nave 

/ \e^-e v \ = [ \[ e ttp ^ +{1 - t)ip dt\\<p XiPn -<p\ 
Jb(o,r) Jb(o,r) Jo 

< [ e^^\<p Xjhl -<p\ 
Jb(o,r) 

< (7 eW + ,)) 1/2 (f \^, Pn -^Y 2 
\Jb(o,r) / \Jb(o,r) / 

and the claim follows since \<fi\, Pn \ < C in B(0,R). 
We also note that, from Corollary 2.3 

lim / e ipx ' Vn = lim / ru p ^ 1 (x v H — -, 7ri^)dx 



n^oo 



?n ~ 1) / 



lim (p n — 1) / (x)dx 

B (^.Pn'^=T- R , 1 ( D „-l)/ 2 ) 



'v^T|l«A, P Jl^ n " 1,/2 

< lim(p n -l) / u^^dx 



< C 

where C does not depend on R. 
Then from Fatou's Lemma, we derive 



< lim / e^ p ™ < C 

n ^°° JB(0,R) 

Passing to the limit in (2.13) and using Lemma 2.6, we deduce that ip satisfies 

-Ay? = e v in W 2 
<p(Q) = 0, ip < in R 2 

J R2 e^cfe < oo 

According to Chen-Li [5], we derive ip = U^q , where U^q is defined in (1.5). 

Then our proposition follows. □ 
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3 Proof of Theorem 1.3 

Let us start by recalling the following result which is a particular case of a general theorem 
due to Grossi-Molle [12]. 

Theorem 3.1 Let Q be a smooth domain in ~R n , with n > 1, and f G C 1 ^, IR + ). Suppose 
that u G C 3 (f2) n C^fi) satisfies 

-Au + \u = u p in Q 
u > in Q 

u — on dfl 

for p > 1 and A G R. Let rr fre a maximum point of u and assume that Q is convex. If 
there exists an open set W C Q containing x such that 

i. (x - x )Vu(x) < 0, VxG W^\{x } 

ii. (x - x )Vu(x) + ^ziu(x) < 0, Vx G dW 

iii. Ai(— A — pu^ 1 ) > in Hq(Q\W)( Ai is the first eigenvalue of —A —pu^ 1 ) 
then 

(x — xo)Vm(x) < x G r2\{x } 

In particular, xo is the only critical point for u in Q and the superlevel sets are strictly 
star shaped with respect to x$. 

For sake of completeness, we recall the proof of Theorem 3.1. 

Proof of Theorem 3.1 Arguing by contradiction let us suppose that there exists 
x G r2\{x } such that (x — x ) Vu(x) > 0. By assumption i. x ^ W. Let us consider 

w(x) — (x — xo) Vu(i) + (2/ {p — l))u{x) 

It turns out that w(x) > 0. 

Now let us call D the connected component of the set {x G £l\w(x) > 0} containing x. 
By assumption ii. w < on dW and so W fl <9-D = 0. Moreover if z G dfi, we have 

(9m 

«;(*) = (z-x )u{z) — (z) 
Since §^(2) < and using the convexity of f2 we deduce that w < on <9f2. Thus 

weHl{D). 

Now, it is easy to see that w satisfies the following equation 

-Aw - (pu p - 1 + \)w = -2\u < in D 

w G Hl{D) {6A} 

Since A x (-A - pu^I) > in and £> C Q\W, we get A x (-A - p^ 1 /) > 

in Hq(D). This implies that the maximum principle holds in D. Hence by (3.1), we have 
that w < in D and this gives a contradiction. □ 

In order to prove Theorem 1.3, we will apply Theorem 3.1. Thus we only need to check 
that the assumptions of Theorem 3.1 are true. Let us start by proving the following result. 
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Proposition 3.2 For any R > 0, we have 

R 

(x - x XiP )Vux, P (x) < 0, VxG B(x x , P , ii(p _ i1/2 )\{^a, p } 

VP — l|pA,p||oo 

for p large enough. 

Proof. For x G B(x\ )P , R {p - 1)/2 ) and X G B(0, R), we have 

(x - x X)P ) ■ Vu X)P { x ) = ~^=j Ux <P^ X ' ^f^p( X ) 

where tp\ )P is defined in Theorem 1.2. 
Thus it is sufficient to prove that 

X • Vy? A , p (X) < 0, VX G B(0, R)\{0} 

for p large enough. 

Arguing by contradiction, let us suppose that there exist R , a sequence p n — > +oo and a 
sequence {X n } in B(0, R) such that 

X n -V Vx>Pn (X n ) >0 (3.2) 

From Theorem 1.2, we know that y?A, P „ — ► U^ in Cf oc (]R 2 ) where C/^ )0 is defined (1.5). 
Since X n G -8(0, R), we can assume that there exists X G B(0, 2R ) such that X n — > X 
asn-> +oo. Thus two cases may occur 

Case 1. X 7^ 0. Then, in this case, it follows by the above convergence that 





X \ 


2 


1 + p 


2 


x \ 


2 



X n ■ V(fx iPn (X n ) -> X • V?7 P) o(Xo) = - — | „ , 2 < as n -> +cx) 



and this is a contradiction with (3.2). Thus this case cannot happen. 
Case 2. X = 0. In this case let us consider the following function 

9\n(t) = ip x , Pn (tX n ), for t G [0, 1] 

It yields that g\ )Tl has a maximum at and another critical point in [0,1] by (3.2) (because 
g' x Jl) = X n - VyxvSXn) > and g' x j0) = 0). Therefore there exists i n G [0,1] 
such that g'{ n {t n ) = 0. Now let n — > +oo, from the above convergence and from the 
assumption X — 0, it follows that is a degenerate critical point for g\ >n and this is not 
true because D 2 Up_ >0 (0) = —eld, with c > 0. Therefore this case also cannot happen and 
our proposition follows. □ 

Now we are able to prove Theorem 1.3 
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Proof of Theorem 1.3 We will prove that the assumption of Theorem 3.1 are true for 
W = B(x Xp , R (p-i-i/2 ) • Proposition 3.2 guarantees that assumption i. holds. 

Note that 

2 1 2 

) • Vm a , p (x) + — ju x>p (x) = = (X • Vv?a, p PO + -—^)u\, P (x) 

where ip XjP is defined in Theorem 1.2. 

By the convergence of y?A, P to U^o and some easy computations we have that 

uniformly on dB(0, R). 
Thus 

2 

^A, P (^) := (a: - x x , p ) ■ Vu x , p (x) + ——u x , p (x) < on dB(x X:P , — =r (p _ 1)/2 ) 

and then ii. holds. Finally we have that h XtP satisfies 

-Ah XjP - pu p ~ 1 h X)P + \h XjP = -2A-u A ,p < (3.3) 

Since Vu XjP (x XtP ) = 0, we also have h XtP (x XjP ) > 0. Thus there exists a nodal region C x ^ p 
of h XjP in B(x XtP , — R ( p _ 1)/2 ) where h XtP is positive. We derive from (3.3) that in C x , p 

the first eigenvalue of linearized operator L XtP = —A — pu v ~ x + A is negative. Hence, 
since u XjP is of index 1, the first eigenvalue of L Xp in Q\C XtP is positive. Thus the first 
eigenvalue of L Xp in Q\B(x XtP , —— = — R ( p - 1)/2 ) is positive. Thus using Theorem 3.1, our 

theorem follows. □ 



Remark 3.3 It is not difficult to check that Theorem 3.1 holds if Vt is star shaped with 
respect to xq. Hence, if Q satisfies the assumptions of the Gidas-Ni-Nirenberg Theorem 
then Theorem 1.3 holds again. 

Remark 3.4 It is easy to check that ifu X p is a solution to P Xp , then the first eigenvalue 
of the linearized operator —A + (A — pu p x ~ p )Id) is negative. 

The case where the linearized operator has only nonnegative eigenvalues was considered 
by various authors. More precisely, if we consider a solution u of 

-Au = f(u) in ftcK 2 

u > in Q (3.4) 

u — on dfl 

with fl convex and Ai(A — f'(u)Id) > (the so called semistable solution), Cabre-Chanillo 
([4]), Payne ([14]) and Sperb ([18]) showed the uniqueness of the critical point ofu. 
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4 A nondegeneracy result 

We start this section recalling the following lemma due to Ren and Wei ([16]). 

Lemma 4.1 [16] For every t > 2 there is D t such that | jiij | z,*(o) < D t t^\\Vu\\ L 2^ for all 
u G Hq{VL) where Q is a bounded domain in M, 2 ; furthermore 

lim D t = (87re)"i (4.1) 

t^oo 

From the previous lemma we derive the following estimate, which was showed in [16] for 
A = 0. 

Lemma 4.2 We have, forp large enough and A G [0, A'] 

IK P ||oc<C (4.2) 

with C depending only on A'. 

Proof. The proof is the same of the case A = ([16]), p. 755-756. Let 

7a, p = maxu A>p (i), A = {x : — - < u x , P (x)}, Q t = {x : t < u x , P {x)}. (4.3) 
By Lemma 4.1 and Corollary 2.3 

( j< P f < CV~p{ I |V^, P | 2 + A jf < C (4.4) 

for p large and C depending only on A". Hence 

(^)Vl< / uZ<C^. (4.5) 



On the other hand 



/ 

Jn 



' u l, P = - Am AiP + A/ u x<p > \Vu x<p \ds. (4.6) 
n t ' Jftt J tit Jdrit 



Using the co-area formula ([8]) and the isoperimetric inequality we have 

-^lai / < P > [ / \vu x , p \d S > \dn t \ 2 > 47r|ai (4.7) 

dt Ja t A ' p J dnt |Vma, p | J 9 n t 
From this point we can repeat step by step the proof of ([16]), p. 756 and we derive 

7a, p < C (4.8) 
with C depending only on A' for p large. □ 

In the next lemma we study the structure of the solutions of the linearized problem 
of P XtP "at infinity". The corresponding result in higher dimensions is well known ([2], 
[15], [1]). Here we use some ideas of [1] and [6]. 
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Lemma 4.3 Let v G L°°(R 2 ) fl C 2 (R 2 ) &e a solution of the following problem 

-Av = 1 -n^v in R 2 . (4.9) 

(1 + M!) 2 

Then ^ 

^ = T,^v^ + b lrS ( 4 - 10 ) 

i=l 8 11 

oo 

Proof. We write v as v — Yl i>k{r)Y k (9) where 

Mr)= [ v(r,6)Y k (9)d9, (4.11) 
and Yk{9) denotes the k — th harmonic spheric satisfying 

-A S iY k (6) = k 2 Y k {6) (4.12) 

Thus (4.9) becomes 

i«(r))y tW - As-nm^ (i+f)2 

and then 

V 4 (r) + = — L 

r H (1 + ^ 

Since w is smooth at the origin we deduce that ^(O) = for k > 1. Moreover since 
w G L°°(R 2 ) we have that tp k G L°°(R) for any k > 0. 

Let us consider the case A; = 0. We have that ipo(r) satisfies 

-<(r) - V (r) = -W ^o(r) (4.15) 

y ' 8 J 

A direct computation shows that Co( r ) = fr^j is a bounded solution of (4.15). Let us 
prove that if w is a second linearly independent solution of (4.15) then w is not bounded. 
We write w(r) = c(r)( (r). We get from (4.15) 

-(c"Co + 2c'C + cQ - kc'Co + cQ = * cCo (4.16) 

V 8 / 

and because Co is a solution of (4.15) we get 

-c% - c'(2C - ^Co) = (4.17) 



(-^(0 " -^(r))n(5) - A S1 ^(^ = (4.13) 



- -^(r) + A; 2 ^V = TTT-^Mr) (4-14) 



Setting z = d we obtain 
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C (8 _|_ r 2 ) 2 c 

z ( r ) = >9/ \ = C-r^ ^ ~ — for r large (4.18) 

v 1 rC 2 (r) r(8-r 2 ) 2 r K 1 

where C is a constant. This implies c(r) ~ log(r) for r large. Hence c ^ L°°(R) and 
a fortiori, w £ L°°(R). Then Co( r ) is the unique bounded solution of (4.16). 

Now we consider the case k — 1 in (4.14). Here we have that Ci( r ) — * s a solution 

1+ "8" 

of (4.14). Repeating the same argument as in the case k = we obtain that a second 
linearly independent solution w verifies 

w(r) ~ r for r large. (4.19) 

Hence again w £ L°°(R) and then d is the unique bounded solution of (4.14) for k > 1. 
Now let us show that (4.14) has no nontrivial solution for k > 2. For k > 1 we set 

M1>) = - U' k + k^ - t^W*- (4-20) 

^ 8 ' 

By contradiction let us suppose that there exists ip ^ such that A k (ijj) = for some 
k > 2. We claim that 

$ > in R. (4.21) 

Indeed if ip changes sign we can select an interval [a;i,x 2 ] with < x 1 < x 2 < +oo 
satisfying: 

^>0 in]x!,a; 2 [. (4.22) 

By (4.22) we have that \\(A k ) = in [xi, x 2 ]- On the other hand we have that A k (d) > 
in R and then the maximum principle holds in [x±, x 2 ] for A k . Hence Xi(A k ) > and this 
gives a contradiction. Thus (4.21) holds. Moreover we have that 



In fact from (4.14) 



and then, for r > 1, 



lim ip'(r) = 0. (4.23) 



W - ^ = "(TTH)^ (4-24) 



|^(r)|<|«l)| + ^riM A+ r «^ A < 

Ji t Ji U+g-J 

_ r°° t 

<^(l) + A; 2 ||^||oologr+||V||oo / ^-d* (4.25) 

Ji (i + V) 2 
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and thus (4.25) implies (4.23). 

Let us introduce the function rj(r) = r(d^p' — ([4>). It is easy to verify that 



v '( r ) = (1-A; 2 )^<0 (4.26) 



r 
and 

lim n(r) = 0. (4.27) 

Thus, if we show that lim 77(7-) = 0, using (4.26) and (4.27) we deduce a contradiction. 
By the definition of rj we get, as r — > 0, 

„( r) = ^-fl r) £^ = ^ + (r) (4.28) 

-L+8 14+8'' ~"~ 8 

and since (4.24) implies lim r 2 ?//(r) = we have the claim. So there exists no solution to 
(4.14) as k > 2. 

Recalling that Y (6) = constant and Y 1 (9) = x 1: x 2: by (4.11) we derive (4.10). □ 
Proof of Theorem 1.4 

By contradiction let us assume that there exist sequences p n — > 00 and t>„ = v\ tPn G ifo(fi), 
i>„ ^ satisfying 

-Aw n + \ n v n = p n u p {~^v n in Q , , 

v n = on «9ft 1 ] 

Since f2 satisfies the assumptions of the Gidas-Ni-Nirenberg Theorem we have that 
u\ tPn (0) = ||ua,p„||oo an d u x,p n is even in x± and x 2 . Thus we may assume that 

^(^1,^2) = v n (-x 1 ,x 2 ) = v n (x u -x 2 ). (4.30) 
Set i; B (x) = v n [ ' ^ ) and M „(x) = — L^ Aj)n ( * ^ ) 

We have that t>„ satisfies 

-Av n + —± r^rVn = f^uP-' 1 ^ in tt n 

(Pn-l)ll«A,p„l|So 1 (4-31) 

v = on <9f2 n 



with fi„ = y/p n - l||-UA n ,p n ||oo 2 £1 Finally we set 



Vr. 



(4.32) 



Of course z n satisfies 
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~ AZn + (Pn-DIK.pJIST 1 ^ - ^ U Zn Z n in fi « 

knl < 1 in Vl n (4.33) 
z n = on <9f2„. 

We want to pass to the limit in (4.33). Since u\ ntPn is a solution of P\ tPn we get, 
computing P\ p „ at x = 0, 

A„<|KpJIS _1 - (4-34) 

Then — - — — r < — i-r — > as n — > oo. Now let us show the following estimates 

Vz n \ 2 + - r—rf z 2 n <C , (4.35) 



(p n - l)|K, P Jh 1 Jn n 
where C is a positive constant independent of n. Indeed from (4.33) and (2.1) we derive 



|V^n| 2 + 7 7T7] ^— r / z\ < 2 / u^" 1 

Moreover, from the classical Sobolev inequality 



2{ Pn - 1) I u^- 1 < C . (4.36) 



n„ Jq \Jn 



t 2/p 



we deduce 



InJ VZ ^ + (Pn- l)IK P Jh 1 Z n 
> C(A,Q) 

From Lemma 2.1 and (4.35) we get 



z 2 



( Pn -l)\Wx,p n \\ Pn - 1 



2/pn / f \ 2/pn 



(f W\ Pn 

\Jo n 



2/p n 

\Zn\ Pn ) < C, 



On 



where C is a constant independent of n. 

Using (4.35) and the standard regularity theory we deduce the existence of a function 
z G C 2 (IR 2 ), \z\ < 1, such that z n — > z in C 2 oc (IR 2 ). Moreover z satisfies 



-Az = — n^z in R 2 



|z| < 1 in M 2 (4-37) 



From Lemma 4.3 it follows that 
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i=l 1 > 8 11 

Step 1: fll = a 2 = in (4.38). 

By (4.30) we derive that z(x) is even in x\ and x 2 - Hence by (4.38) we deduce 

CL\ = CL2 = 0. 

Step 2: b = in (4.38). From the previous step we have 



z(x) = b 



8 - 


x\ 


2 


8 + 




2 



(4.39) 



If b 7^ we get that J R2 \Vz\ 2 = +oo which is not possible. So b = 0. 
Step 3: the contradiction. 

In this step we prove the claim of Theorem 1.4. We point out that in this step we will 
use Theorem 1.3. 

By Step 1 and 2 we get that 

z(x) = in M 2 (4.40) 

Since | \z n \ = 1 we can assume that there exists x n G Vt n such that z n (x n ) = 1. Since 
z n — > in C 2 (R 2 ) we obtain that \x n \ — > oo. By Theorem 1.3 and Theorem 1.2 we deduce 
that u p ^~p n {x n ) — > as n — > oo. Otherwise, if by contradiction ^vp" 1 ^™) > C* > we 
derive the existence of a point y n such that Vu\ iPn (y n ) = 0, a contradiction with Theorem 
1.3. 

Setting 

z n (x) = z n (x + x n ) (4.41) 

we get that z n verifies 



-Az n + J —^-^ z n = jfcvfr-^x + x n )z n in Q n \ {x n } 

z n <\ in tt n \ {x n } / 4 42 x 

^n(0) = 1 V ' } 

J R 2 |Vz n | 2 < C 

Passing to the limit in (4.42) we derive that z n — > z in Cf oc (lR 2 ) where z satisfies 

Az = in D 



«|<1 inC, (443) 
where D is an half space if dist(x n , Q n ) < K or D = M, 2 if lim dist(x n , Q n ) = +oo. In 

n— »oo 

both case, by Liouville's Theorem we have that 
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z = C in D (4.44) 

If D is an half space, using that z n (x) = for x G dVL n — x n we get z(x) = for x G <9.D. 
Standard arguments ([10]) leads a contradiction with z n (x n ) = 1. 

Thus D = R 2 and z(0) = 1. Moreover, since z n -> 1 in C 2 (S(0, 1)), we get 

||^Ti||LPn(n„) > 1 1 1 1 Lp« (S(0,1) > ^ f° r 71 > Ul - 

On the other hand since z n (x n ) = 1 and z n = on the boundary of Q n we get that there 
exists a point a; 2in with |x 2jn | — > +oo such that £ n (a;2,n) = |. Seting 

^n(^) — Z n {x + X2, n ) 

and repeating the same procedure of above we derive 

||^n||iPn(n n ) > 1^11^(5(0,1)) > 2 f° r n > n 2- 

Iterating this procedure, after a finite number of steps we reach a contradiction with (4.36). 

Acknowledgments. The main part of this work was done while the first author was vis- 
iting the Department of Mathematics of the University of Roma " La Sapienza" supported 
by the " Istituto Nazionale di Alta Matematica ". He would like to thank Mathematics 
Department for its warm hospitality. 



References 

JV+2 

[1] A. Ambrosetti, J. Garcia Azorero and I. Peral, Perturbation of Au + u N - 2 = 0, 
the scalar curvature problem in ~R N , and related topics., J. Funct. Anal. 165, (1999), 
117-149. 

[2] G. Bianchi and H. Egnell, A note on the Sobolev inequality, J. Funct. Anal. 100, 
(1991), 18-24. 

[3] H. Brezis and F. Merle, Uniform estimate and blow-up behavior for solutions of 
-Au = V(x)e u in two dimension, Comm. Part. Diff. Eqns.16, (1991), 1223-1253. 

[4] X. Cabre and S. Chanillo, Stable solutions of semilinear elliptic problems in convex 
domains, Selecta Math. (N.S.) 4, (1998), 1-10. 



[5] W. Chen and C. Li, Classification of solutions of some nonlinear elliptic equations, 
Duke Math. J. 63, (1991), 615-622. 



Elliptic problem in dimension two 



23 



[6] E. N. Dancer, On the uniqueness of the positive solution of a singularly perturbed 
problem, Rocky Mount. J. Math.25, 1995, 957-975. 

[7] D. G. de Figueiredo, P. L. Lions and R. D Nussbaum, A priori estimates and existence 
of positive solutions of semilinear elliptic equations, J. Math. Pures Appl. 61 (1982), 
41-63. 

[8] H. Federer, Geometric measure theory , Spinger-Verlag, 1969. 

[9] B. Gidas, W. M. Ni and L. Nirenberg, Symmetry and related properties via the 
maximum principle, Comm. Math. Phys. 68 (1979), 209-243. 

[10] B. Gidas and J. Spruck, A priori bounds for positive solutions of nonlinear elliptic 
equations, Comm. Par. Diff. Eqns. 6 (1981), 883-901. 

[11] D. Gilbarg and N. Trudinger, Elliptic partial differential equation of second order, 
second edition, Springer Verlag 1983. 

[12] M. Grossi and R. Molle, On the shape of the solutions of some semilinear elliptic 
problems, Preprint 2001. 

[13] C. S. Lin, Uniqueness of least energy solutions to a semilinear elliptic equation in 
R 2 , Manuscripta Math. 84 (1994), 13-19. 

[14] L. E. Payne, On two conjectures in the fixed membrane eigenvalue problem, Z. 
Angew. Math. Phys. 24 (1973), 721-729. 

[15] O. Rey The role of the Green's function in a nonlinear elliptic equation involving 
the critical Sobolev exponent, J. Funct. Anal. 89, (1990), 1-52. 

[16] X. Ren and J. Wei, On a two-dimensional elliptic problem with large exponent in 
nonlmearity, Trans. A.M.S. 343(1994), 749-763. 

[17] X. Ren and J. Wei, Asymptotic Symmetry and local behavior of semilinear elliptic 
equations with critical Sobolev growth, Proc. A.M.S. 42 (1989), 271-297. 

[18] R. Sperb, Extension of two theorems of Payne to some nonlinear Dirichlet problems, 
Z. Angew. Math. Phys. 26 (1975), 721-726. 



